Determining the inner structure of protons and nuclei in terms of their fundamental constituents has been one of the main tasks of high energy nuclear and particle physics experiments. This quest started as a mapping of the (average) parton densities as a function of longitudinal momentum fraction and resolution scale. Recently, the field has progressed to more differential imaging, where one important development is the description of the event-by-event quantum fluctuations in the wave function of the colliding hadron.
Determining the inner structure of protons and nuclei in terms of their fundamental constituents has been one of the main tasks of high energy nuclear and particle physics experiments. This quest started as a mapping of the (average) parton densities as a function of longitudinal momentum fraction and resolution scale. Recently, the field has progressed to more differential imaging, where one important development is the description of the event-by-event quantum fluctuations in the wave function of the colliding hadron.
In this Review, we present recent developments on the extraction of proton and nuclear transverse geometry, and its event-by-event fluctuations, from collider experiments at high energy. The importance of this fundamentally interesting physics in other collider experiments like in studies of the properties of the Quark Gluon Plasma is also illustrated.
I. INTRODUCTION
Determining the structure of protons and nuclei in terms of their fundamental constituents and their mutual interactions is one of the long term quests in particle physics. In the last decades, more and more detailed pictures of the (especially) proton structure have been obtained. The most important input for these studies is provided by deep inelastic scattering (DIS) experiments, in which simple pointlike leptons are used to probe the proton substructure. Traditionally, the partonic structure of the proton is presented in terms of the parton distribution functions that describe the quark and gluon densities as a function of longitudinal momentum fraction x of the proton carried by the parton. In particular, thanks to the large amount of precise deep inelastic scattering data from HERA [1, 2] , the quark and gluon distribution functions for the proton are known down to low x ∼ 10 −5 with good precision.
Beyond the one dimensional distributions (that depend on the longitudinal momentum fraction), it is fundamentally interesting to reveal the geometric structure of proton. In addition to the average size and shape, also the shape fluctuations are basic properties of the proton and should be determined. This knowledge is also crucial for the proper interpretation of many other experimental measurements. The average spatial distribution of partons is encoded in the generalized parton distribution functions [3] [4] [5] [6] . In this Review, however, we take a step beyond these distributions and consider the eventby-event fluctuations of the proton (and nuclear) shape, concentrating on the gluonic structure at small x.
There are two different venues that have been recently used to access the geometric shape and shape fluctuations. One can look at particle correlations in high multiplicity collisions generated by the (possible) hydrodynamical response to the initial state spatial anisotropies. In heavy ion collisions, collective phenomena have been used to show the formation fo the Quark Gluon Plasma, and to determine its fundamental properties. In heavy ion collisions the geometry is dominated by the shapes of the colliding nuclei, and the effects sensitive to the nucleon shape (and shape fluctuations) are less important. In proton-lead and proton-proton collisions the initial state geometry is controlled by the single proton, and the shape fluctuations can potentially be observed more clearly assuming that a hydrodynamically evolving fluid is produced.
An opposite approach is to look at observables that directly probe the event-by-event fluctuations in the target wave function. As we will discuss in detail in this Review, one of these processes is incoherent diffraction in deep inelastic scattering. In these events, the target proton or nucleus dissociates and a rapidity gap exists between the target remnants and the diffractively produced system (e.g. a vector meson). In addition, one can consider fully elastic scattering processes to obtain more indirect evidence of the proton shape fluctuations.
In this review we focus on the proton and nuclear shape fluctuations at high energy (small momentum fraction x). In Sec. II we discuss how diffractive processes can be used to constrain the average shape of the target, as well as probe the event-by-event fluctuations at different distance scales. A theoretical framework used to describe these high energy processes based on the Color Glass Condensate effective theory of QCD is shortly introduced in Sec. III. Based on this discussion, in Sec. IV we review the recent progress in using the diffractive vector meson production to constrain the proton shape fluctuations. Elastic proton-proton scattering, and particle correlations in high-multiplicity proton-proton collisions, are discussed in the context of fluctuating proton structure in Sec. V. Fluctuating nucleons in nuclei in the context of diffractive vector meson production and hydrodynamical simulations of the Quark Gluon Plasma production in proton-lead collisions are reviewed in Sec. VI.
II. EXCLUSIVE SCATTERING AS A PROBE OF TRANSVERSE GEOMETRY
As discussed above, the total cross section in DIS can be studied to measure the total partonic densities in protons and nuclei. To obtain a more detailed picture of the target, more differential observables are needed. One especially powerful process is exclusive production of a vector meson with the same quantum numbers J P C = 1 −− as the photon in deep inelastic scattering:
Here V refers to a vector meson (V = ρ, φ, J/ψ, Υ, . . . ), and the target can be a proton p or a nucleus A. An experimental signature is a rapidity gap (empty detector) between the produced vector meson and the target. The target can either remain in the same quantum state or dissociate, we will later consider these processes separately. In general, these processes are called diffractive. There are two main advantages that make vector meson production powerful. First, in order to produce the vector meson and nothing else, there can not be a net color charge transfer to the target. This requires at least two gluons to be exchanged with the target, and the cross section consequently scales approximatively as the gluon density squared [7] . The other advantage is that only in the exclusive scattering process it is possible to measure the total momentum transfer ∆ T , and interpret that as the Fourier conjugate to the impact parameter. Consequently, these processes probe not only the density of partons, but also their spatial distribution.
Let us first consider coherent diffraction, in which the target remains in the same quantum state after the interaction. In this case, the cross section is calculated by applying the Good-Walker formalism [8] , which states that the cross section is determined by the average interaction of the states that diagonalize the scattering matrix with the target. At high energies, these states are the quark-antiquark fluctuations of the incoming virtual photon, with the fixed transverse coordinates for the quarks, probing a fixed configuration of the target. This formalism can then be generalized to also include fluctuating target configuration. The cross section then reads [9] (following the notation of Ref. [10] )
where A refers to the target proton or nucleus, t is the squared four momentum transfer (at high energies t ≈ −∆ T 2 ) and A is the amplitude for the diffractive scattering. As the average is taken over all possible configurations of the incoming proton or nucleus, the scattering amplitude is sensitive to the average interaction of the quark dipole with the target. This, in turn, is controlled by the average distribution of small-x gluons in the target wave function. Thus, the coherent cross section generally probes the average structure of the target. We will return to the calculation of A later in Sec. III.
Let us then consider the class of events in which the outgoing proton or nucleus is not in the same quantum state as the incoming particle following Ref. [11] . We call these events incoherent, and the experimental manifestation is that the target dissociates into a system of particles, maintaining the rapidity gap to the produced vector meson. To describe these events, we express the scattering amplitude to the case where initial state is |i and the final state is |f as f |A| i (we use a shorthand notation A to refer to the diffractive scattering amplitude A γ * A→V A ). The initial and final states are required to be different. The squared transition amplitude, which enters in the cross section, reads
To get the last line we used the completeness of states, f |f f | = 1. Note that the sum over final states includes all possible states for the final state proton, and not only the different spatial configurations of its ground state. To get the cross section, the squared amplitude must be averaged over the possible initial states |i . The first term in Eq. (3) then becomes the squared diffractive scattering amplitude A γ * A→V A averaged over the initial configurations, and the second term gives the average of the diffractive scattering amplitude squared. The resulting incoherent cross section then reads
Here A * denotes the final state proton or nucleus in a state which differs from the initial state. As the cross section is the variance of the amplitude A γ * V →V A , it measures how much the scattering amplitude fluctuates between the different possible initial state configurations. Because the total momentum transfer ∆ T ≈ √ −t is measurable and the Fourier conjugate to the impact parameter, this property can be used to constrain the geometry fluctuations in the target at different length scales as we will discuss shortly. To summarize, the diffractive processes provide unique constraints on the target structure. First, the coherent cross section measures the average parton distribution. As we are considering exclusive scattering where the impact parameter dependence is probed, coherent vector meson production gives access to the spatial distribution of small-x partons (mostly gluons). Simultaneously, incoherent vector meson production where the target dissociates measures the degree of fluctuations in the scattering amplitude (at the length scale controlled by the inverse momentum transfer) is measured. In Sec. IV we show how the proton geometry fluctuations can be obtained by applying these two constrains simultaneously 1 .
III. DIPOLES PROBING PROTONS AND NUCLEI AT HIGH ENERGY
At high energies, the lifetime of the quark-antiquark fluctuation is much longer than the timescale of the dipole-target interaction. Consequently, the production cross section factorizes. First, the incoming photon splits to a quark-antiquark dipole, which is a simple QED process [13] . Subsequently, the dipole scatters elastically off the target. Long after the interaction, non-perturbative vector meson formation from the quark dipole takes place. This factorization makes it possible to write the diffractive scattering amplitude in the Color Glass Condensate framework as [10] A γ * A→V A = 2i d 2 r T dz 4π
Here, the virtual photon wave function Ψ describes the photon→dipole splitting, and its overlap with the vector meson wave function Ψ V controls the contribution of different dipole sizes r T and longitudinal momentum fractions z at fixed virtuality Q 2 . The dipoletarget scattering is described by the dipole amplitude N , which depends on the particular configuration of the target Ω. The transverse momentum transfer ∆ T is the Fourier conjugate to the impact parameter (center of the dipole) b T as discussed earlier, with the correction (1 − z)r T · ∆ T taking into account that the vector meson wave function is not taken in the forward kinematics [14] 2 . The target structure is probed at the longitudinal momentum fraction
which is analogous to the Bjorken-x of DIS. Here W is the center-of-mass energy for the photon-nucleon scattering, M V the vector meson mass, Q 2 the photon virtuality and m N the nucleon mass. The connection to the transverse geometry is apparent in Eq. (5), as the dipole-target scattering amplitude N Ω is Fourier transformed from the coordinate space to the momentum space. When the coherent cross section is calculated, one first takes the average of A γ * A→V A over different target configurations. This averaging results in average dipole-target scattering amplitude N (r T , b T , x P ) = 1 In these analyses no constraints on the impact parameter are imposed. However, as proposed in Ref. [12] , it may also be possible to analyze incoherent diffraction at different centrality classes. 2 It has recently been argued in Ref. [15] that the conjugate to the momentum transfer should be b T + 1 2 − z r T , instead of b T + (1 − z)r T . However, numerical results are almost identical in both cases.
N Ω (r T , b T , x P ) . As the dipole amplitude is approximatively proportonal to the gluon density at the given impact parameter b T , the t distribution of the coherent cross section is approximatively the 2-dimensional Fourier transform of the spatial gluon distribution.
A major advantage of the CGC approach is that both inclusive and diffractive observables can be described in the same framework in terms of same degrees of freedom. This is not the case in collinear factorization approach, as the parton distribution functions are by definition inclusive, and relating them to exclusive processes is not straightforward (see however [16] ). In CGC, the QCD dynamics is described in terms of the dipole-target scattering amplitude N which includes all information about the target structure. As an illustration, let us consider Eq. (5) in the case where the final state is a virtual photon, and write Ψ V = Ψ where Ψ is the photon wave function. Now, the optical theorem states that the total photon-proton cross section is related to the imaginary part of the forward scattering amplitude (∆ T = 0). As the dipole amplitude N is generally assumed to be real and the cross section is obtained by averaging over all possible target configurations, the total photon-proton (or photon-nucleus) cross section becomes
We immediately note that unlike diffractive cross sections, inclusive cross section is only sensitive to the gluon density integrated over the whole target. As such, it can not distinguish between different impact parameter distributions of the same overall gluon density. In the Color Glass Condensate framework, the dipoletarget scattering amplitude satisfies perturbative evolution equations, such as the JIMWLK [17] [18] [19] [20] equation (named aver Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov and Kovner) or its mean field and large-N c limit, the Balitsky-Kovchegov (BK) equation [21, 22] currently available at NLO accuracy [23] [24] [25] . The initial condition, describing e.g. the dipole amplitude N at the initial Bjorken-x, is a non-perturbative input to the evolution and is usually obtained by fitting the HERA deep inelastic scattering data as in Refs. [26] [27] [28] . A challenge in this approach is to describe the evolution of the target geometry, as the perturbative evolution equations produce long-distance Coulomb tails that result in cross sections growing much faster than seen in the measurements. This growth should be tamed by confinement scale effects, whose implementation is challenging, see e.g. [29, 30] . Consequently, in phenomenological applications one often applies parametrizations for the dipole amplitude that include dependence on the proton geometry, and are matched to perturbative QCD in the dilute region. A common choice is the IPsat parametrization [31] with free parameters fitted to HERA data in [32, 33] . In this parametrization the dipole amplitude is written as
Here T p is the proton density profile with possible event-by-event fluctuations (normalized such that
, and xg the gluon distribution which satisfies the DGLAP equation [34] [35] [36] [37] to guarantee a smooth matching to perturbative QCD at small dipoles r T corresponding to the dilute region.
Finally, to conclude this Section let us briefly mention the connection to the collinear factorization. In the nonrelativistic limit, where the quark and antiquark carry the same longitudinal momentum (z = 0.5) and when the multiple interactions with the target are neglected, one recovers the so called Ryskin result [7] for the coherent cross section as shown explicitly in Ref. [38] :
In this form the sensitivity on the small-x gluons is apparent, as the cross section is proportional to the squared gluon density xg, and the t dependence is parametrized in terms of the target form factor F N . However, this simple treatment neglects the fact that the inclusive structure functions can not be directly used when describing exclusive processes. Here Γ V →e + e − is the leptonic decay width of the vector meson V having mass M V , andq = M 2 V /4 the momentum scale of the process.
IV. PROTON STRUCTURE FLUCTUATIONS FROM DIFFRACTION
A. Constraining the fluctuations at small x In Sec. II we discussed how the coherent cross section is sensitive to the average structure of the target, and how the incoherent cross section measures the amount of event-by-event fluctuations. In this section, we review recent progress in constraining the fluctuating transverse geometry of the proton based on HERA vector meson production data.
Coherent and incoherent vector meson production has been extensively measured at HERA (where the incoherent process is usually called proton dissociation), where electrons and positrons were collided with protons at center-of-mass energy √ s = 318 GeV. This translates into photon-proton center-of-mass energies W in the rage W = 30 . . . 300 GeV. Both H1 and ZEUS measured diffractive J/ψ production in the photoproduction (Q 2 = 0 GeV 2 ) and electroproduction (Q 2 > 0) regions [39] [40] [41] [42] [43] [44] [45] . In addition to J/ψ, exclusive production of lighter ρ [46] [47] [48] [49] and φ [49, 50] mesons as well as heavier upsilons [51] [52] [53] has also been measured. The possibility to constrain the event-by-event fluctuations in the proton was pioneered in Ref. [54] , first by using the IPsat parametrization, Eq. (8), to describe the dipole-proton interaction. In this case, if there are no fluctuations in the proton density profile T p (b T ), the incoherent cross section (4) vanishes. On the other hand, the coherent spectrum is sensitive to the proton profile. As the mass of the vector meson suppresses contributions from large dipoles |r T | 1/M V , one can approximatively linearize the IPsat dipole (8) , substitute that to the diffractive scattering amplitude (5) and obtain an estimate for the t dependence of the coherent cross section:
when the proton density profile is assumed to be Gaussian:
Thus, the t slope directly measures the size of the proton: the transverse proton radius is 2B p . In practice, as the impact parameter profile is more complicated in the IPsat parametrization, the Fourier transform results in diffractive minima at large |t| (outside the range where H1 and ZEUS were able to measure the spectra), see discussion in Ref. [55] . This is a general feature in diffractive scattering, and the location of the first minimum is controlled by the size of the target R as t first dip ∼ 1/R 2 .
To obtain also a non-zero incoherent cross section, the proton density profile T p was taken to have event-byevent fluctuations in Ref. [54] . The simplest ansatz, motivated by the picture where the three constituent quarks emit small-x gluons around them, is to assume that the proton consists of N q hot spots at random locations b T i (see also Ref. [56] for a more detailed discussion of possible ways to sample constituent quark structure). In this case, the density profile is written as
In the simplest case, one can take N q = 3. The distances for the hot spots from the center of the proton are sampled from a Gaussian distribution whose width B qc is a free parameter, as is the size of the hot spot B q . Requiring a simultaneous description of both coherent and incoherent J/ψ production data, optimal values for these parameters can be determined. Coherent and incoherent J/ψ photoproduction (Q 2 = 0) spectra with a round proton (in which case the incoherent one vanishes) and with optimal parameters B q = 0.7 GeV −2 and B qc = 3.3 GeV −2 from Ref. [57] are shown in Fig. 1 . Note that the Bjorken-x probed here is approximatively x P ≈ 10 −3 . As the characteristic hot spot separation B qc turns out to be much larger than the hot spot size B q , large spatial geometry fluctuations are needed to obtain a good fit to the HERA data. The coherent cross sections obtained with and without fluctuations are very similar, as only the average shape affects the resulting spectra. The small differences originate from the non-linear dependence on the density function T p in the dipole amplitude (8) .
At large |t| the slope of the incoherent spectrum is controlled by the size of the smallest object that fluctuates as shown explicitly in Ref. [58] . At small |t|, on the other hand, one is sensitive to the fluctuations at long distance scale ∼ 1/ |t|. With only geometry fluctuations included in the model, the small-|t| part of the incoherent spectra is underestimated. To fix this, in Ref. [54] additional density fluctuations were implemented following Ref. [59] , by allowing the density of each of the hot spots to fluctuate independently. As can be seen in Fig. 1 , when the density (labeled as Q 2 s ) fluctuations are included on top of geometry fluctuations, a good description of the HERA data is obtained at all |t|.
It is crucial to note that the hot spot picture applied above is only one possible fluctuating density profile for the proton compatible with the HERA vector meson production data. The incoherent cross section measures how large fluctuations there are in the diffractive scattering amplitude, and the distance scale probed is set by ∼ 1/|t|. There are multiple different fluctuating geometries that result in the same variance. This was explicitly demonstrated in Ref. [57] where instead of a hot spot structure, the proton density profile was constructed based on a lattice QCD inspired picture where the constituent quarks are connected via color flux tubes that merge at a specific point inside the proton [60] . Fixing again the free parameters, the tube width and the width of the distribution from which the constituent quark positions are sampled, it is possible to obtain an equally good description of the coherent and incoherent J/ψ production data. This means that the average proton shape and the amount of fluctuations are approximatively the same as in the hot spot parametrization.
In addition to geometry and density fluctuations, one expects to have individual color charge fluctuations in the proton. To estimate their contribution to the incoherent cross section, one needs to go beyond the IPsat parametrization. One possible approach is to apply the McLerran-Venugopalan model in the CGC framework [61] . Here, the fluctuating color charges are included by assuming that the color charges are local random Gaussian variables, with the width of the distribution proportional to the local density, characterized by the saturation scale Q 2 s . The color charge density ρ a (where a is the color index) in the MV model is thus sampled from a distribution
(14) with the expectation value zero. The color charge density µ 2 is taken to be directly proportional to the local saturation scale Q 2 s (b T ) which can be extracted from the IPsat parametrization. The geometry and density fluctuations can thus be included by introducing them in the IPsat parametrization as discussed above.
In practice, in this approach one samples the color charges for each event, and then solves the classical Yang-Mills equations to obtain the Wilson lines V (x T ) at each point on transverse plane. The Wilson lines describe the color rotation of a high energy quark when it propagates through the target at fixed transverse coordinate x T , and the dipole-target amplitude is obtained as a trace of two Wilson lines:
The color charge fluctuations result in a finite incoherent cross section even if no geometry fluctuations are introduced. However, this contribution is small (suppressed by 1/N 2 c ) [62, 63] and in practice results in an incoherent cross section significantly underestimating the HERA data on J/ψ photoproduction as shown by dashed lines in Fig. 2 .
In Ref. [57] , geometry and density fluctuations were added to the CGC framework described above. Using the hot spot geometry with three hot spots and fitting the hot spot size and their average separation it is possible to obtain an excellent description of the H1 photoproduction spectra as shown in Fig. 2 (solid lines) . The resulting proton fluctuations (at x P ≈ 10 −3 corresponding to the kinematics of the H1 data) are illustrated in Fig. 3, where , this should be considered only as an illustration in arbitrary units. However, the conclusion is similar as in the simpler framework where the IPsat parametrization is used: large event-by-event fluctuations are needed to describe the incoherent vector meson data from HERA, even when the color charge fluctuations are included. Additionally, it is shown that by just introducing large overall density fluctuations it is not possible to obtain a correct incoherent spectrum [57] . This relatively simple geometry has been further developed in Ref. [64] using an explicit quark model calculation for the wave function of the valence quarks, where correlations between the constituent quarks have been taken into account. The spin dependence of the forces between the quarks results in both attractive and repulsive interactions. All parameters except the size of the small-x gluon cloud around the valence quark can be fixed by the low energy proton and neutron structure data, and consequently only one parameter (size of the gluon cloud) needs to be adjusted to simultaneously describe the coherent and incoherent vector meson production data from HERA. The proton shape fluctuations extracted in Ref. [64] are very similar to the results summarized above.
B. Energy dependence of the fluctuating structure
In the discussion above the proton shape fluctuations were constrained at fixed Bjorken-x, without considering the x dependence of the proton structure. On the other hand, there are clear measurements that show that the transverse size of the proton grows with decreasing x. For example, when the t slope B p of the coherent photoproduction cross section, see Eq. (11), is extracted at different center-of-mass energies W (corresponding to different x), a clear logarithmic dependence on the energy is observed:
The parameters measured by H1 [43] are B 0 = 4.630 ± 0.060 +0.043 −0.163 GeV −2 and α = 0.164±0.028±0.030 GeV −2 . In addition to the growing proton size, we generally expect the fluctuations to evolve in energy. At asymptotically large energies, where the black disc limit is reached, the probability for the dipole to scatter saturates to unity, and there are no event-by-event fluctuations. In this limit, the incoherent cross section is expected to be suppressed, as event-by-event fluctuations are only possible at the dilute edge of the proton. The energy dependence of the coherent and incoherent cross section measured at HERA [45] show that the incoherent-to-coherent cross section ratio decreases with increasing center-ofmass energy. Recently, the ALICE collaboration has studied J/ψ photoproduction at different photon-proton center-of-mass energies [65, 66] in ultraperipheral collisions [67, 68] . The energy dependence of the incoherent cross section is not measured so far, but the two muon (decay products of J/ψ) transverse momentum distributions are compatible with the incoherent cross section being suppressed compared to the coherent one at high energies.
In phenomenological calculations different approaches have been taken to describe the energy dependence of the fluctuations. In the framework developed in Ref. further applied in Refs. [70, 71] the proton is assumed to consist of hot spots, whose number N hs depends on the Bjorken-x as
This functional form is motivated by a generally used parametrization of the gluon distribution at the initial scale used in parton distribution function fits. The number of gluons is then related to the number of hot spots, and the locations for the hot spots are sampled randomly similarly as described in Sec. IV A. The model parameters p 0 = 0.011, p 1 = −0.58 and p 2 = 250 have been fixed by comparing to energy dependence of the incoherent J/ψ photoproduction data form H1 [45] . In this approach a good description of the energy dependence of both coherent and incoherent H1 data is obtained [69] . A genuine prediction of this framework is that as the number of hot spots in a fixed transverse area increases, the event-by-event fluctuations will eventually disappear. This results in an incoherent cross section which has a maximum at the center-of-mass energy W ∼ 700 GeV (in case of J/ψ photoproduction), after which it decreases with increasing energy, as shown in Fig. 4 . In ultraperipheral proton-lead collisions at the LHC, center of mass energies in the TeV range for the photon-proton system can be achieved. A future measurement of the energy dependence of the cross section ratio will be a crucial test for the model. However, as the proton size evolution is not included in this framework, the model would not reproduce the experimentally observed evolution of the t slope of the coherent cross section shown in Eq. (16). A different approach to the energy evolution was taken in Ref. [30] , where the perturbative JIMWLK evolution equation describing the Bjorken-x dependence was applied. There, using the Color Glass Condensate framework described above the proton fluctuating structure at initial Bjorken-x was constrained by comparing with the J/ψ production data at W = 75 GeV. On top of geometry fluctuations, also overall density fluctuations for each of the three hot spots sampled at initial x are included. Then, the different proton configurations were separately evolved to smaller x by solving the JIMWLK equation, and using the evolved protons the cross sections at higher center-of-mass energies were obtained.
The calculated incoherent-to-coherent cross section ratio as a function of photon-proton center-of mass energy W is shown in Fig. 5 . The decreasing ratio shows that the evolution washes out the initial hot-spot structure. This can be seen from the actual evolution of a one particular proton configuration illustrated in Fig. 6 . The free parameters in the evolution, the value for the fixed QCD coupling constant α s and the infrared regulator limiting the unphysical growth of the proton size due to the missing confinement scale effects, are fixed by requiring a compatible evolution speed with the inclusive charm structure function data. However, a disadvantage of this approach is that the simultaneous description of both inclusive and exclusive observables is not possible without introduction of a non-perturbative contribution, due to the numerically large contributions from non-perturbatively large dipoles (see [33] for a detailed analysis of large dipole contributions). 
V. PROTON SHAPE FROM PROTON-PROTON COLLISIONS
So far we have discussed how proton shape fluctuations can be constrained based on exclusive vector meson production in deep inelastic scattering. Qualitatively similar results have been obtained based on analyses of other observables, and these findings support the picture developed above where the proton shape has large eventby-event fluctuations.
A. Elastic scattering
In Ref. [72] elastic proton-proton scattering at small momentum transfer |t| is studied. This process is measured at √ s = 2.76, 7 and 13 TeV center-of-mass energy at the LHC [73] [74] [75] (only 7 TeV data is used in the analysis of Ref. [72] ), and at smaller √ s = 62.5 GeV at ISR [76] . As there is no hard scale, perturbative calculations can not be applied to describe this process. Instead, the real and imaginary part of the scattering amplitude can be parametrized, and the values for the unknown parameters can be constrained by fitting the t spectra and requiring that that the real-to-imaginary part ratio satisfies the measured value 3 .
3 In case of LHC, the authors use an extrapolated value ρ = 0.14 +0.01 −0.08 from [77] which is compatible with the more recent TOTEM measurement ρ = 0.09/0.10 ± 0.01 (depending on physics assumptions) [78] . A striking observation in elastic scattering processes is the so called Hollowness or grayness effect [79] [80] [81] [82] : the inelasticity density describing how different impact parameters contribute to the inelastic cross section has a maximum at a non-zero impact parameter at LHC energies. On the other hand, at lower ISR energies the maximum is at b T = 0 at ISR energies. The inelasticity density is defined in terms of the elastic scattering amplitude T el as
(18) Access to the proton geometry is obtained by assuming that the proton consists of N hs = 3 hot spots, and when the two hot spots collide, the scattering amplitude is assumed to be Gaussian in the transverse distance between the two hot spots. The positions for the hot spots are sampled from a Gaussian distribution, on top of which correlations are included. The distribution for the hot spots is given as
where b T i are the transverse positions for the hot spots, d(b T i ) is a Gaussian distribution and r c parametrizes the range of short-range repulsive correlations. Note that in the limit r c → 0 this is similar to the hot spot structure parametrization of Eq. (13) .
In Ref. [72] it is shown that it is only possible to reproduce the Hollowness effect in this picture if there are repulsive short range correlations between the hot spots. The extracted inelasticity densities at ISR and LHC energies are shown in Fig. 7 , using the proton geometry with r c = 0.3 fm parameter to set the scale for repulsive interactions. Compared to the exclusive J/ψ photoproduction discussed above, the proton size is much larger in Ref. [72] which is obtained mainly by having a much longer distance between the hot spots. A larger proton is required, as the elastic proton-proton spectrum is much more steep than the coherent J/ψ spectrum.The parameters can not be directly compared, however. The J/ψ photoproduction probes the gluon density at perturbative scales, whereas elastic proton-proton scattering is a non-perturbative process in the applied kinematics. Additionally, these processes are sensitive to the proton structure at different Bjorken-x. However, the hot spots are constrained in Ref. [72] to be much smaller than the proton size which is qualitatively compatible with the large event-by-event fluctuations constrained by studying the J/ψ photoproduction.
B. Symmetric cumulants
The same proton geometry that is constrained by elastic proton-proton data discussed above was applied in studies of symmetric flow cumulants in a hydrodynamical model in Ref. [83] . The (normalized) symmetric cumulant NSC(n, m) is defined as
and it measures how the flow harmonics v n characterizing collective features of the event are correlated. In the absence of correlations, NSC(n, m) = 0. The flow harmonics v n are obtained when the azimuthal angle φ distribution of particles is written as a Fourier decomposition
(21) Here Φ n refers to the event plane angle, defined as the first angle where the nth harmonic has its maximum value. In heavy ion collisions, the initial state spatial anisotropy can be translated into momentum space anisotropies (quantified by the v n coefficients) as a result of the hydrodynamical evolution of the produced Quark Gluon Plasma.
The approach in Ref. [83] is to calculate the initial state spatial eccentricities and relate those to the final state momentum space anisotropies. To determine the eccentricities, one first samples which hot spots collide. The collision probability is obtained from the inelasticity density, Eq. (18), with the scattering amplitude ∼ e −d 2 /R 2 hs where R hs is the hot spot size constrained by the elastic proton-proton scattering data. Subsequently, each collided hot spot deposits a random amount of entropy around it. The eccentricities are then calculated from the total entropy deposition profile. These initial state geometric anisotropies are then translated into momentum space by assuming that the hydrodynamical response to the initial state anisotropies is linear. In case of lowest harmonic coefficients v 2 and v 3 , this is a good approximation in high multiplicitly nuclear collisions [84] , and an approximatively linear relation is found also in hydrodynamical simulations of proton-lead collisions [85] (see also Ref. [86] ) . The ALICE and CMS collaborations have observed that the correlation between v 2 and v 3 becomes negative in proton-proton collisions in the highest multiplicity bins [87, 88] . In Ref. [83] , the total entropy production is taken to serve as a proxy for the experimental multiplicity (or centrality) classes. The calculated symmetric cumulants NSC(2, 3) are shown in Fig. 8 . The calculation r c = 0 corresponds to the case where there are no repulsive short range correlations in the proton structure. As a result, the correlation between the second and third order cumulants is always positive. Instead, when a relatively large short range repulsive correlation r c = 0.4 fm is included, the correlation becomes negative in most central collisions, which is qualitatively compatible with the CMS data. Note that the same repulsive correlation was required to describe the Hollowness effect as discussed above. Including the full hydrodynamical evolution in the framework is underway [89] .
VI. FLUCTUATING NUCLEONS IN NUCLEI
A. Vector meson production So far we have considered the role of proton shape fluctuations on exclusive, elastic and collective observables. However, there is nothing special about the proton tar- get, and similar analyses can be performed with both light and heavy nuclei. In nuclei, we expect the fluctuations to take place at multiple different distance scales. At longest distances, the positions of the nucleons fluctuate, following the Woods-Saxon distribution in heavy nuclei. At shorter scales, the nucleon shape fluctuations as discussed above can become visible. Additionally, there are color charge fluctuations in the hadrons, and the color charges are correlated over the distance scale 1/Q s , where Q s is the saturation scale. At high energies or in heavy nuclei where the saturation scale is large (we have an approximate scaling Q 2 s ∼ A 1/3 x −0.2 ), the color charge fluctuations manifest themselves at distance scale much smaller than the hot spot size.
Taking into account the nucleon shape fluctuations, exclusive vector meson production off light nuclei (deteuron and helium) has been studied in Ref. [91] . Heavy nuclei, gold and lead, were first considered in Ref. [90] by extending the calculation of Ref. [92] to include the nucleon shape fluctuations. Additional contribution to the incoherent cross section from the fluctuating nucleon shape was found to improve the simultaneous description of both the coherent and incoherent cross sections measured in ultraperipheral collisions at the LHC. Later the framework where the number of hot spots depends on Bjorken-x was also generalized to this setting [70, 71] .
In exclusive vector meson production the distance scale is set by the momentum transfer t. As shown in Ref. [58] , if the incoherent cross section is parametrized as e −B|t| , then the slope B is set by the size of the object that is fluctuating. As discussed above, there are (at least) two different distance scales at which fluctuations take place: the nucleon size, and the substructure size. In Fig. 9 the predicted J/Ψ photoproduction cross section is shown as a function of t, with (black solid lines) and without (blue dashed lines) nucleon substructure.
The coherent cross section is found to be practically identical in both setups. This is expected, as the substructure does not modify the average shape, which is probed in coherent scattering. Instead, in incoherent scattering the t slopes are clearly different at |t| 0.25 GeV 2 , which corresponds to the distance scale ∼ 0.4 fm, which is the scale of the hot spots (see Fig. 3 ).
The LHC experiments have only measured the t integrated cross sections, as the experimental methods are based on template fits. For the incoherent J/Ψ photoproduction, there exists only one datapoint from ALICE at √ s = 2760 GeV at midrapidity [93] . At midrapidity there is no ambiquity in determining the Bjorken-x, and the J/Ψ photoproduction cross section at x ≈ 10 −3 can be extracted as the photon flux is known. In Fig. 10 the predicted incoherent J/Ψ photoproduction cross section as a function of x is shown, based on Ref. [70] . The predictions from the calculations that both include and do not include nucleon substructure fluctuations (where the number of hot spots depends on x, see Eq. (17)) are shown. The substructure is shown to enhance the incoherent cross section almost by a factor of 2, which is consistent with the ALICE data. We emphasize that the predicted absolute normalization depends strongly on the applied J/Ψ wave function, and simultaneous comparison to both coherent and incoherent data is necessary. Cross section ratios are theoretically more robust. In Ref. [90] it was shown that the wave function uncertainty almost cancels in the incoherent-to-coherent ratio, and the nucleon substructure fluctuations improve the description of the ALICE data, which still has a quite large uncertainty (see also Ref. [94] ).
B. Nucleon substructure and flow in heavy ion collisions
Collective phenomena are traditionally seen as a proof of the formation of the Quark Gluon Plasma (QGP) in heavy ion collisions at high energy. However, recently similar signals have been also observed in high multiplicity proton-proton and proton-nucleus collisions. This suggests that a hydrodynamically evolving medium may be produced also in smaller collision systems. As the proton shape fluctuations result in initial state anisotropies [95] , the event-by-event fluctuating proton structure can in principle be constrained by comparing hydrodynamical simulations including proton shape fluctuations with experimental data. However, there are additional sources of momentum correlations that do not require a medium formation and could contribute significantly to the measured collective effects. Also, not all effects traditionally associated with the QGP production are seen in small system collisions. For example, production of high transverse momentum particles is suppressed in heavy ion collisions, and this effect is understood to be caused by partons losing energy when propagating through the medium. Similar effects are not seen in even the highest multiplicity proton-proton and protonnucleus collisions. For a review, the reader is referred to Ref. [96] .
Theoretically it is also not a priori clear if a locally thermalised fluid can be produced in such a small systems. The applicability of hydrodynamics can also be limited by the presence of large density gradients [97] , at least if the multiplicities are not very high. The highest multiplicity events, on the other hand, may only be produced by a subset of rare proton configurations [98] .
In Sec. IV A we discussed how the Wilson lines, encoding all the information about the small-x structure, can be constrained based on diffractive vector meson production data. This can be taken as an input for hydrodynamical simulations of the proton-nucleus (and in principle proton-proton) collisions in the framework developed in Ref. [99] . There, the developed IP-Glasma model is first used to determine the initial state after the collision, and to solve the early time evolution. When the system is close to the local thermal equilibrium, hydrodynamical evolution is applied using the relativistic viscous hydrodynamic simulation MUSIC [100, 101] . After the hydrodynamical phase the final final stages of the evolution for the produced particles are simulated by using the UrQMD model which implements the microscopic Boltzmann equation [102, 103] .
In general, as the hydrodynamical evolution translates spatial anisotropies into the momentum space correlations, if the colliding proton is round, only small momentum space anisotropies can be expected. In the IP-Glasma+hydrodynamics framework this expectation was confirmed in Ref. [104] . When the proton shape fluctuations determined in Sec. IV A were used, a good description of the measured elliptic and triangular flow coeffi-cient v 2 and v 3 defined in Eq. (21) in high-multiplicity proton-lead collisions were obtained [105] . For the effect of proton substructure on the initial state structure (e.g. eccentricities), see Ref. [95] .
Another approach to determine the proton shape fluctuations is to first consider hydrodynamical simulations of lead-lead and proton-lead collisions with different nucleon shape fluctuations, and by comparing with experimental measurements to deduce the preferred shape fluctuations. A major complication in this approach is that the hydrodynamical simulations are computationally intensive, and it is in practice not possible to produce enough statistics with different descriptions of the fluctuating initial state to perform a straightforward minimization procedure.
A powerful approach that can be used to determine the initial state is based on Bayesian statistics. In the context of heavy ion collisions, this approach has been used recently to constrain the fundamental properties of the produced Quark Gluon Plasma (QGP). These properties include, for example, the temperature dependence of the shear and bulk viscosities and the temperature at which the hydrodynamical evolution ends and the medium is converted into particles whose subsequent evolution is also included by using the UrQMD model. The method developed in Ref. [106] (see recent highlights in Ref. [107] ) uses a Gaussian process emulator that is trained to effectively interpolate in the multi dimensional parameter space. Applying Bayesian statistics and numerically light emulator techniques, it becomes possible to construct the likelihood distributions for the model parameters. As a result, fundamental properties of the QGP with uncertainty estimates are obtained.
To determine the proton shape fluctuations based on high-multiplicity proton-nucleus data from RHIC and from the LHC, this approach was generalized in Ref. [108] to include a hot spot structure for the nucleons. The number of hot spots, as well as their size, are model parameters along with the QGP properties mentioned above. Important observables sensitive to the hot spot structure that are used to calibrate the Gaussian emulator are e.g. mean transverse momenta and flow cumulant measurements made in proton-lead collisions. Also, data from lead-lead collisions is included in the analysis.
From the obtained posterior distributions, it is possible to sample the most likely parametrizations describing the nucleon structure fluctuations, as well as QGP properties and the correlations between the different parameters. In Fig. 11 the centrality dependence of the elliptic (v 2 ) and triangular (v 3 ) flow coefficients are calculated from 100 random parametrizations sampled from the posterior distribution, and compared with the CMS data [109] (also used to train the emulator). A reasonable description of the flow harmonics, as well as of the centrality dependence of the charge particle yield, are obtained. Simultaneously, e.g. the flow harmonics measured in leadlead collisions are described accurately and with a much smaller variation between the different parametrizations sampled from the posterior distribution than in the case of proton-lead collisions.
For the nucleon, the analysis in Ref. [108] prefers many hot spots ( 5) . For the hot spot size, and for the size of the nucleon, the posterior distribution is illustrated in Fig. 12 . When comparing these results with the proton shapes constrained by diffractive J/ψ production data and succesfully used to describe proton-lead collisions in the IP-Glasma+hydrodynamics framework, one notices that the obtained protons and hot spot sizes seem to be much larger. However, the density profiles can not be directly compared. The analysis of Ref. [108] prefers the entropy production to be proportional to the geometric mean of the density profiles of the two nuclei. Thus, in proton-nucleus collisions the initial entropy deposition scales as dS(b T ) ∼ T A (b T )T p (b T ), where T A (b T ) and T p (b T ) are the transverse density profiles for the nucleus and for the proton, respectively. On the other hand, in the IP-Glasma framework the initial entropy deposition scales as ∼ T A (b T )T p (b T ).
In central (high multiplicity) collisions the nuclear density is approximatively constant and dependence on T A (b T ) is weak. Consequently, one should compare the squared proton density profile from Ref. [108] to the IP-Glasma density profile. For example, the Gaussian width for the hot spot size obtained in Ref. [108] is v = 0.47 +0.20 −0.15 fm (when the hot spot profile is e −b 2 /(2v 2 ) ). The squared density profile then corresponds to a Gaussian distribution that has a width parameter v/ √ 2 = 0.33 +0.14 −0.11 fm. This should be compared to the hot spot width B q = 0.165 fm obtained by fitting the J/ψ data as discussed in Sec. IV A. Although the parametrizations are still not exactly compatible, qualitatively they suggest a similar fluctuating substructure for the proton.
VII. OUTLOOK
Multiple measurements from different collider experiments suggest that there are significant quantum mechanical event-by-event fluctuations in the transverse profile of the proton at small Bjorken-x. This picture is obtained by analysing elastic and diffractive scattering processes, as well as correlations observed in high multiplicity proton-proton and proton-lead collisions.
Even though the qualitative picture pointing towards sizeable event-by-event fluctuations is the same based on all these observables, different processes that probe the proton structure at different scales result in e.g. different sizes for the hot spots. At this point it is not clear how, for example, results from elastic low momentum transfer proton-proton collisions can be related to the proton shape fluctuations extracted by studying exclusive production of heavy vector mesons which is a perturbative process. Similarly, in analyses of collective phenomena in high multiplicity collisions one is actually sensitive to the initial energy density or entropy production before the hydrodynamical evolution, which may differ from the transverse shape of the proton. In heavy nuclei, the proton and neutron shape fluctuations are usually suppressed, and the fluctuating nucleonic structure dominates many observables that are sensitive to the initial state fluctuations. However, there are processes such as exclusive vector meson production at high momentum transfer |t| that probe fluctuations at small distance scales ∼ 1/|t| and as such, can be used to determine if the fluctuating structure of protons and neutrons is modified in the nuclear environment.
In the near future, large amounts of new data is expected to help constraining proton shape fluctuations in more detail. Detailed correlation measurements form high multiplicity proton-proton and proton-nucleus collisions at the LHC, as well as proton-light ion or lightheavy-ion collisions at RHIC will provide useful data. DIS experiments first in ultra peripheral collisions at the LHC, and in the next generation Electron Ion Collider [110] [111] [112] will provide vast amounts of precise data probing the structure of protons and nuclei with high precision.
On the theory side, developments need to stay in pace with the experimental advances. There are two important paths for theory developments. First, perturbative calculations need to be developed to next-to-leading order accuracy in the QCD coupling α s to achieve precision level (see e.g. Refs. [23] [24] [25] [113] [114] [115] [116] [117] [118] [119] [120] [121] for recent developments in the Color Glass Condensate framework). Additionally, new more differential observables are needed to probe the proton and nuclear structure in more detail. For example, dijet production at high energies is a promising observable in ultraperipheral collisions at the LHC [122] and in a future Electron-Ion Collider [123] , as the second momentum vector provides an additional handle to the geometry and potentially enables more precise extraction of the proton and nuclear shape fluctuations. It may even be possible to extract properties of the Wigner distribution that describes how partons are distributed both as a function of transverse coordinate and transverse momentum [124] [125] [126] [127] [128] .
